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On A Class Non-Bazilevi¢ Function Involving Q-
Differential Operator

K. R. Karthikeyan, K. Ramachandran, K. Srinivasan

Abstract: We define a - differential operator which combines
well-known Dziok-Srivastava operator and Salagean differential
operator. Using this -differential operator, we define a
presumably new class of non-Bazilevi¢ function which has
interesting subclasses of univalent functions as its special case

and derive subordination and superordination results for the
class in the unit disk. Further, interesting subordination

conditions for starlikeness with respect A-symmetric points are

obtained. Finally, we give relevant connections of our main
results with former results obtained by various other authors.

Keywords: q-calculus, univalent functions, starlike functions,

convex function,
superordination.
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I. INTRODUCTION

We consider A& is the set of all holomorphic functions in the
fomF{z) =z + 3, -2 cmz™ (1.1) in the open disk
with radius one A = { z: z € C: |z| < 1}. Also we let & to
denote the subclass of & which are analytic and injective in
A We denote %, C, K and C* are respectively starlike,
convex, close-to-convex and quasi-convex in & of the

familiar subclasses of A. For detailed study on the
development of various studies on univalent function theory,
we refer to [5, 8].Let us consider Fy(zy) and g1(z1) are

holomorphic functions in A. Then we say F (z1)
subordinate to g1(z1) in 4, if there exists regular function
wilz;) in A such as |wy(z)| < |z and
F(z1) = g1(wi(zy)), denoted by Fi(zy) < g1(z1). If
g1(z1) is one to one in A, then the subordination is
equivalent to Fy () = g4(0) and F, (A) © gy (A).Take &
isa integer positive and &, = exp(2mi/k). For F € &, let
Fe(z) =-X155 e 'F(elz). (1.2)
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symmetric points.Similarly, define the t?_:;k} of convex

functions with respect to Kk-symmetric

(=F'r f .
Re(‘zj; :;3' ) > 0(z € A)(L4) In the year 1908, Jackson
K

[9] has introduced the Euler-Jackson g-difference operator

points iff

Fi( z]l —F( qz]l

D F(z) = (ze A—{0}; g € C\{0}), Here C

represents the set of aII complex numbers. As q tends to 1 is
the derivative liniﬂqF{z} = F'(z),provided the derivative
s

exists.Forexample,

D,(z%) = 2 tasl® [2],z%1,a € C,where

5 - I-'l_q:l - q ¥ ¥
[m], = XL, ¢*~L[0]; =0, ginC. If F(z) is in
(1.1),then a easy computation gives
D F(z) =1+ 3.2, [nlga.z" L (z € 4), (1.5)

and D F(0) = F'(z)at0, where g € (0,1).Heine

developed the g-hypergeometric series as a generalization of
thehypergeometric

. (Bigmlaig);
series oF[b a; c|g. 2]l =X, mz’”(lﬁ)
where the g-shifted factorial is given by
. 1, m=10
(B Q)om = ( —b)(1 —bg) ..(1—bg™ 1), m=12,..

and let us take ¢ = g~ ™ for m = 0,1,2, .... Generalization
of Heine’s series, we have  ,g's the basic hypergeometric

serieshy
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Ed}ml:} gy, By bli b:: rany bmeq‘; =z

YundOvrn =

Oco(al; g)n(a2; g)n ...(al; g)n(q; gn(bl;q)n ...

, where g = 0 when
r b?ﬂ

-

m — lzn
ny _ nin-1)
(1.7) where 2) =

[ =m+1. In(1.6) and (1.7), the parameters by, bs, ...

are denominators factors in the series are not equal to 0.For
complex parameters S« and
by b (B €ECNEG; g = 0,—1,-2, .5 j =
1,..,m)
, we define the generalized g-hypergeometric function

!T?H{:ﬂli“'ia’!;bb vany b:l:n; q:z} by

Wilay,az, .o ag;by, by, e, biy; QJZ} =

e Ladginlesglalangin g,

=0 (qiq)n(bua)n.-(Bmid)n

(1.8)

(l=m+1; lmel;, =NMU{0}; z& A), where M be
the set of positive integers. If |g| < 1, the series (1.8)
converges absolutely for [z] << 1 and I = m + 1.we refer

to[7]. According to a function
Gimlanb; q,2)(i=12,..,5j=12,..,m) is
defined by
glm{azi }rQJZ}:z

Z Sflﬂl,ﬂ:,..,ﬂ:;bbﬁl:, "'me; qu}

(1.9) Define the operator J3 (ay,by; q.z)F : A — A by
Jf{:a'ljbl; q, Z}F{Z} = F{Z} *g!,m{:ﬂh b_;l'? I'-]';Z}

J.%{.ﬂ'liblr Q:Z]F{.Z} =
(1= A)F(z) * Gymlaub;; q.2)) + A zD (F(z) *

g m{ﬂzi i I‘.]‘,Z}]l

(1.10)
Ji(ay,by; q,2)F(2) = Ji(J7 H(ayby; q,2)F(2)
(1.11) If F € Ay, then from (1.10) and (1.11) we deduce
that
Ji(ayby; q,2)F =
2+ 5%, [1 -4+ [n],4] Yyenz™,
(1.12) (re Ny=NU {0} andi = 0),

(2yg)e—1(anigle— - lapgls—1

s = (qiq)s—1(brigls— 1 Bmigls—1 {ltﬂ < l}
Remark 1 We note that the linear operator (1.12) is -
analogue of the operator defined by Selvaraj and
Karthikeyan [16]. Here we list some special cases of the
operator Ji" (@y,bq; g, z)F.
1. Take T = 0, then the operator J5 (e, 51 F(z) reduces
to the g-analogue of Dziok- Srivastava operator [4].
2.For

'_qmb_ngzJﬁ_;lE'Eﬁ}*ﬂ » =2,
1,..0L,j=1,..,m)

and g = 17, we have the operator defined by Selvaraj and
Karthikeyan [16].

here

(i =
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(bm;gn[(—1)ngonln21 +

3. Forl=2m=1;ay =b,a,=qg,and 4 =1, we
get the - analogue of the well known Saldgean operator
(see [11D. Fully in this paper, we
Fle(ay, by q,2z) =
=3t & [95 (au by q,602)F] =z + -, (F € A).
Let P is the class of holomorphic functions hy(z) with
hy(0) =1, be convex and injective in A and in it
Re{hy(z)} = 0,(z € A). Now we get this :

For 0=y =1 a function F(z)EA is in
N (o by yes q; @) iff it satisfies
Do [J5 (ay,by; q,z}]{ = W< g(z), Vz€

the condition

ilayby;g.=)
A,
(1.13)
For the choice (z)=1+zl1-z, r=0, I=2, m=1; a_1=b 1,
a2=1, =1 and if we let g —17. The class

N (aybysyes q; @) reduces to My )(0 <y <1)
introduced recently by Obradovi¢ [15], he said this class to
be non-Bazilevi¢ type.

Definition 1.1 [13] Let @ is the set of all holomorphic

functions Fy which are one to one on 4 — E(F, ), here
E(F)={(€ ﬂﬁ:;gﬁFl{:z} =}, and is such that

F'({) # 0forn € 8A — E(F).

Lemma 1 [1](also see[13]) Let the function i is one to one
in the open disc with radius one 4 and & and ¢ are
holomorphic in a domain I containing k{4) with
p(w) =0 when w E k(A). set
Q(z) = zDy(h(z2))¢(h(z)), k(z) = 8(h(z)) +Q(z).
Suppose that

1. Q is starlike and injective in A, and

2. Re {zﬂqklz}} =0 forz € A, If

8(p(z)) + zﬂqp{_z}qb{p{_z}} < 8(h(z)) +
zDgh(z)p(h(z)),

then p(z) < h(z) and h is the best dominant.

Lemma 2 [3] Let the function i be one to one in the open
disc has radius one £ and ¥ and @ are holomorphic in a

domain I having h(4). Suppose that
.Dq[ﬂl hiz, }}]

1. Rel;

2. zD, [h{_zl}]qb{_h{_zl}] be starlike injective in 4.
with

}}I:] forz; EAand

If peHM0)IINQ, p(A)= D, and
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B(p(z1)) + 2, Dgp(z)@(p(z1)) is injective in A and
B(h(z,)) + 2, Dgh(z )p(h(zy)) < S(plz,)) +

zp'(z)e(p(z,)),
then h(z, ) < p(z,) and h be the subordinant best.

Il. CONDITIONS IN STARLIKENESS WITH
RESPECT TO SYMMETRIC POINTS

Theorem 1 Consider the function g1 () be convex injective
in £ and also let

Re{al {;'—i{h{zl} —1)+ 1) +B ;‘q:i }} =0
(2.1) and
01(2) = ayzD hiz) + ayh*(z) + (8 — ay)h(z1),
where oy =0 o+ 5 =0 If FEA with F,

k*m(a_1,b 1; q, z)z 0 satisfies the condition
=2p§(Jilasbyqa)F)

2 (AT for - — 17
270l Jalapb i fIH;:'FqulFJ_};Lﬁ'_;b'_: gﬂ;:‘} 171
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HT:DQ[JI':R'_;E?'J fIH;:'Fqu[FJ'T};':ﬁ'_;b'_i fIJS'_:':'
[ Fg:_-;{':ﬂ;ab;i q,z-_}:l"

o HE'.D&'[JEI:R-_,.E? It q,z-_}Fjl
1 T -
Filayb,ige,)

+zz[ﬂql;35;-,n;b;= rrx-.}:"]l] + ﬂz-_ﬂqtvaj;mbg asF) h(zy),
ERCE-NEER) Fj playbyiq.ay)
where
h{ZJ_} _ :r-_l::z—b}+lf_:[j;:;-_}|_1:I-I:n+bq}z-_+:zquﬂ
L =) (L+bg=y)
1t+e=; 2
o1 (1+bz-_) !
2 ¢ |b| a—1
—-1=b<a=1 and f=z=2a; —+—)
145  1-B
WDl Jilerbyga)f l+asz,
then = q,_ J - 2=2f) ; =2
FJ ;{Lﬂ'_;b'_: IEI,H_} l+b3‘_
Proof. We take g(z_1)=1+az_11+bz_1, in Theorem 1.

Clearly g{z;) is convex injective in A. Hence this corollary

proof follows from Theorem 1. If we let
=0l=2m=1a =b,a-=qgk=

ay

Fixlapbyigzy) (Fllaybyazs)”

+

HT:[DQ':JE':“'J"J ‘Tﬁ'.:'FJ]z +ﬂ3;ﬂq':35':ﬂ;b;= q.2.)F)
[Fi"k(n-_,b-_: q,s-_]l]" FI;{I:R-_,.E'-_: g:54)
EDQI:Jj_':ﬂJb'_: fIJ-E'_:'fJ

< gi(z i
(2.2) then £l (antn 02) g1(zy) and h is the best
dominant.
Proof: Let P be

H;Dq[rjﬁ._':ﬂ'_»b'_: fIB'_:'FJ
F playby a.24)

plz1) = (z E Az = 0; FEA),

where p(zy) =1+ pyz; +pozf +-+ € P. then by a

simple computation, we get

' _ H;Dq[ﬂi':ﬁgb'_: q,z-_}FJ HT:D&'[JE':R;-E?'J q,z-_}FJ
ap {'zl} N Fl laybyiqay) Fl o (aybyiqay)

_ ST:DQ':JE':R;;b;i fIB'_]'Fqu': Flglayby; fIJE'_:':'
[Fj‘_-;,_-':ﬂ'_,-b'_l fi‘:g'_:')z

Thus by ﬂ(_2.2), _ we ~ have
a1z Dgplzy) + ayp=(zy) + (B — oy Jp(z1) < hiz).
(2.3) By setting
Blwhk=aw?+ (B—aw and Pw)=a,

it is verified by & is regular in C, @ is regular in T with
@(0) = 0 in the w-plane. Also, by letting

Q(z,) = z:Dgg41(z1)@(91(2,)) = 2, D g94(2z,) and
h(z,) = 8(g:1(z1)) + Q(z)) = ey (g1 (21))* + (B —
ay)g1(z1) + a1z Dgg1(21).

Since g1(21) is convex injective in 4 it implies that @{z; )
Further, we have

is starlike injective in A,

A=1
in the Corollary 1, we have the below result.

< h(z,),Corollary 2 [18] If F € & with F(z_1)z_1 0 satisfies the

g’.“'F”I’E-} zF'z
. = — {
condition Fiz.) +B Fiz) M),
where
hiz;) = ay(a—b)+(f—a)|1+(atbg)z +abez]]
=10 = (1+b=,){1+bg=,)
o (1+nz-_):
L h1smz,/
B 1
—-l=b<a=1 and 2(” ﬂ) B
14| 5|
=, F (1) , l4as
then Flza) 146z,

Corollary 3 If f € & with F_, k™(a_1,b 1;q, z 1)z 10,
z1 and D= E\{zl EC:Rez = —%, Imz = {]}J

then

=103(Ji(aub i q.2)F)
Fl o laybyiqey)
HT:[DQ':JE':ﬁub;l fT.-E'_:'f':']:
[Fj‘_-;,_-':ﬂ'_,-b'_i fIE'_:']-. Flplapbyigeg)
Proof. If we assume g—=17,44=1,8=1 and
0(z)=1+z1-z in Theorem 1. It succeeds that h{z) is convex
in the point = —1/2, Hence the proof.

HT:DQ':JE':H'_»E'-' L fT-'S'_}FJ-DQ[ FJT;{':R'_»E'-"J q,s-_};l
(F by fIJ-E"_:'T

H;Dq':ﬂ'.{':ﬂ;-b'_: fI-S'_:'F:'

eD=Fes®

put & = 1 in the above 3, we have the well-known outcome.
Corollary 4 [14] If F €A with F(2)z 0, z and

D= E\{z EC:Rez = —E,Imz = EI}J

ZF'"zy =R lz}

then

ED —Re (3“‘3')}0. I we let

=y Dghi=,) gplEy Fl"z_':l Flz}
REQ—=R€EQ (— -1 +l) -
20 1\ oan (g1(z1) = 1) a=1
;f-_'iz-jl' }} 0 gq— 17, r=01l=2m=1a,=b,a,=gd1=1
= - .
qgslEs _ and =1 in the
Corollary 1 If f € A with F_, k™(a_1b 1;q, 2 1)z 10 Corollary 5, then the result
satisfies the condition  reqduces to the assertion of
Published By: ) ) )
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the Theorem 1 follows by application of Lemma 1.

Corollary 5 If FEA& with F k(z)z 0, z then
P e 1|'|, {

=F :z} F :z}_zFK:z} =F' z} l| < 2{2 E ‘ﬂ}

Fyl=) F'iz) Fglz) Fyl=

implies [zF"’(z)F_k(z)-1/<1, for aII Z E Adfwelethk =1
in the Corollary 5, we get the following interesting result.

Corollary 6 If Fech then
H;F'I':E'_:' F”':H'_:' _ r
i (1+ Fh:z__}) 1| <2z em),=
H;F'I':E'_:' _ -
m ].| < l{_Zl = .ﬂ}

111. SUBORDINATION, SUPERORDINATION

RESULTSFOR N3 (ay,by;V; q; @)

Theorem 2 Let & is complex number except zero and let

k(z;) is holomorphic and injective in 4 so
k(zy) = 0,vz; € A. Suppose that z 1 D_gk(z_1)k(z_1)»
is starlike univalent in A Let
1, z-_Dé‘k(z-_} By Dqk z]l
Re{s k(zy)+1+ D) }>0 (31) and
"Pj”'['ﬂl,- by, 8, f)(z):=
1+y
D [J.-l{ﬂ’l-'blr "-?JZJ.}]{ 'un Byiges }}
(3.2) L |
o E;D:J.g_-':ﬂ'_»b'_l g.=y) - .
+ = +(1+y)(1—
© Dq[Jj_':ﬁ'_,-b'_i fTE'_]'] ( F} (

210g [J.i-': @b ﬁﬂ;}]}]
Jj‘:':ﬁ'_,-b'_l q.=4)

If k satisfies the following subordination:
o Z10gk(=1)

I'Piﬂ{:ﬂj,- by, 8, F)(zy) < k(z) + 8 *(z2) then for
0=y=1,
D, [7; (ay.by; g, 213']'[ oas }]H}r < k(z;) (3.3)
and k{z;) be the domlnant best Proof. Let 7 is defined by
p(z): = Da[J5 (as.by; g, ZJ.}]{T]J'-I-P{ZL
Az #0;, FEA)
Bysimplification, ur |
Ing EL-DQP':E'_} Ing 3'_1'3'&' Jj,':ﬁ'_,-b'_i g.zy) - -
—_— = — +{1+ 1-—
g-1 pi=g q—1 Dq[Jj_':ﬁ'_,-b'_i fTE'_]'] ( F}{
H;DQ[JE':R'_;E"_: ﬁﬂ;}]}]

Jj‘:':ﬁ'_,-b'_l q=1) I
By taking #{wl:=w  and {w):= %1 it will be

verified & is holomorphic in T, @ is holomorphic in C\{0}

=, 0ghizy) 1 =, Dé‘k(z-_}_
Re(*o2) = Re(; k(z)) +1 e
E_.Dqkl__z_:l
e )

This assertion (3.3) of the above Theorem 2 now follows by
an application of Lemma 1.

For the choices k(z)=1+Az1+B z, -1 B <A 1 » and »
k(z)=(1+z1-2)"0 < u =1, in Theorem 2, we get the
following results.

Corollary 7 Let & is a complex number except zero and

assume that  (3.1)  holds. If fEA and
mr - ) ) 1+4=, ({A-E)j=z,
¥ (ay by 8,F)(z0)(z) < Bz | (1eAz)(1+Ez0)
where Wi (ay, by, 8, F}{zl] isin (3.2), then ¥ € [0,1],
14y _ 1¥4z,
D [J.-l{ﬂ’l-'blr "-?I'JZJ.]]{ |:z By gy }} v 148z,

and 1+Az_11+B z_1»is the dominant best.
Corollary 8 Assume & is a complex number other than zero

and let it (31)  holds. If fFfEA and
¥ (au b, 0,)(@) (@) < (o) + T, here
Wi (ay, by, 8, F)(z) be in (3.2), then
y €[0.1],

Do L5 (as,by; 4,201 )Y < (2w

ilanbyge)
and (1+z_11-z_ 1)™»is the domlnant best.
Next, by appealing to Lemma 2, we prove the following:

Theorem 3 consider & is a complex number leaving zero
and let k be analytic and injective in 4 so that k{z) = 0
and zD_qk™’(2)k(z) be starlike and1—1in4,

FurtherwetakeRe[ ]‘}ﬂ (3.4)

Iff €A,

0 # Dg(J7(ay,by; mz}}{m}“f €
Hk(0)1]nQ

and ’“{'ab by,&,F)(z) is injective in A, then

k(z) + 825 5}'3' ™ (qy, by, 8, F)(2) implies

k(z) <D {Jﬁab by; g, z]}{m}“}’ (3.5)

and k is the best subordinant where Wi™{ay, by, &, f)(z)
isin (3.2). )
Proof. By taking #(w): = w pw):=2, it

and :
w

must be verified that 7 is regular in C, @ is regular in C\{0}
and that @{w) = 0(w € C\{0}). By the statement of the
Theorem 3 zk'(2)@(k(z)) is starlike (injective) function

and that @(w) = 0(w € C\{0}). Also, by letting 'kl ,
) o o ,‘z-_DQI:kI:H-_}] and Re £ 3}}_ Re [k 3:'] = 0.
Qz,) = 2,04 (k(z))(k(2,)) = § —L—and e -
(=) The assertion (3.5) of Theorem 3 follows by an application

h(z,) = 8(k(z,)) + Q(z,) = k(z,) + g Z:Lalk(=)) of Lemma 2.Joining Theorem 2 and Theorem 3, we have the

_ ki(zy) below sandwich theorem.
that Q(z;) is starlike injective in A and that

Published By:
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Theorem 4 Let & be a complex number not zero and let 3
ky and k; be 1—1 | so that ky(z) =0 and ,
kalzy) = 0,¥zy €4 with z 1k 17(z_Dk_1(z_1)»and»
z_1k 27(z_1)k_2(z_1) being starlike univalent. >
Suppose that &y satisfies (3.4) and k satisfies (3.1). If 4
feAi,

14y 7.
D {Jj{ﬂ'liblr q:zl]}{ ||:z by g2y :l} =
HEk(1]ng, and 8.
Y (ay, by, 8, f]{'zl] is univalent in A, then o
k(=) '
ky(z)+ 8 % < W ay,by, 8, f)z)(z,) <
al=y 10.
. -k,.l"z-:l
ko(zy)+ 625

2. l} kaizy) 11.

implies
z ) = D 1y, by: q, 2 1y

ki(z1) < Dg(J7i(ay, by; g, 1}]'[ Tlavvsam: }} >
ka(zy)
and k4 and k- are respectively the best subordinant and the  13.
dominant.

When y=1m=0,r=2,5=1,a,=ba, =g and 14
g — 17, we have the following corollary. 15
Corollary 9 [17] Let & be a complex number not zero and let
ky and k2 be 1—1 in 4 so that ky{z;) =0 and 1o
ko(z) #0,(z; €4) with z 1k 1"(z Dk _I(z_1)» and 17
z 1k 2V(z 1)k 2(z 1) being starlike univalent. Suppose
that k4 satisfies (3.4) and k- satisfies (3.1). If F € A,
270G prir(0),1] N O, and 18
[Fi=z)®
) _z._FLz-_} orEF () _zFlz}
WaF (@)= o+ Sy + 20 -
is univalent in A, then
LN
ky(z)+ 8 % < W ay,by, 6, F)(z)(z) <
=gkt (=)
k2 {Zl}_'_ kaizy)
F'
implies kq(zy) = HF—?}} < k5(zy) and kq and k2 are
respectively the best subordinant and the dominant.
Remark 2: Several results in [16] could be obtained as a
special case of our  results if we et
a’i:qub'_nguﬁ_}E'ﬂﬁ}"‘ﬂ y =2, 1{1
1,..rj=1,..5)
andg — 1~
IV. CONCLUSION

This paper construct the new class of non-Bazilevié

function and gives its comparative results.
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