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Fekete-Szego™ Coefficient for the Janowski
A-Q-Spirallike Functions in Open Unit Disk
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Abstract In this paper we look at functions which are
Janowski a-g-spirallike associated with the m™ root
transformation using the concept of the q-derivative introduced
by Jackson[6] Specifically we look at functions f which are
Janowski a-q-spirallike with power senes of the form f(z) =z + a,
2 3
“+azz+

Keywords Convex functions, Janowski a-g-spirallike,
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I. INTRODUCTION

Let E = {z: |z| <1} be the unit disc in the complex plane, and
let Q= {o : ® analytic in E, ®(0) =0, |o(z)| <1, z € E}.

Equivalently (2), may be written as

oqf(z) =1 + X [n]q an zn—1, z 6= 0, 3

Then
P(A,B) = {p p(z) = i;ﬂ;g —-1<B<A<lwe Q}

. Let A denote theo%Iass of functions of the form
flz)=z+ Z a, 2"
n=2 (1) which are analytic in the
open disc E normalized by f(0) = 0, f0(0) = 1. In [6] Jackson
introduced and studied the concept of the g-derivative
operator 0q as follows
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. ) — flgz . y
0,4 = 2T (o sg0< g1, a0 - £10)
2 (1-q) . (2
n=2
Equivalently (2), may be written as
o0
oqf(z) =1+ X [n]q an zn—1, z 6= 0, ?3)
n], = ==
where [ 9 1= g, note that as ¢ — 17, [n]q — n.

Ganesan[9] introduced the

cIassS;(AaB) as the class of functions f such that
iﬂ*iﬁil’l(}.
L EP(AB

cos o , Wwhere a is real and

satisfied | < %

as the following:

. Now we define the g-analogue of the class

&l < 2) a function f Agiven

Definition 1.1. For real a, (
by (1) is said to be

in the class of Janowski a-g-spirallike functions in unit disk
if and only if

eicx Zaqf(z)

f(2)

=p(z)cosa +isina, z € E,

(4)

Definition 1.2. If f € A. Then the mth
root transform is given by
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G(z) = [f(")" =2+ Cunia 2"
n=1 . (5)

Il. Main results
We need the following Lemmas to prove our main results:

Lemma 2.1. [2] If o € Q and ¢(z) = 9lz + 9222 + ..., (z € E) then (6) if u < -1,

by — U <{ 1
62 — o] < , if-1<p<l, @)
I, ifp> 1.

For p <1 or pu>1, the equation holds if and only if, ¢(z) = z or one of its rotations. For —1 < p <1, the
equation holds if and only if, ¢(z) = z2 or one of its rotations. Equality holds for p = —1 if and only if
o(2) = (:752), (0 <A <

14+ Az

(A2
(f)(z) - ( < 1+/\z)’ (0 3%5 1) or one of its rotations.

1) or one of its rotations. While p = 1, equation holds if and only if

L 12
Lemma2.2.[7]Ifp € Q thenl®2 — pof| < max {1, |#|} for any complex number
. The result is sharp for the function @(z) = z or ¢(z) = z2.

Theorem 2.1.
- e "(A—B)cosaz
f(z) e"Acosaz, B=0
f)=2+ax2* +az 2° + ..., f(z) € Si(A, B,q)itand only if

®)

Proof. Let f(z) be an element ofS: (A, B, Q). We define ¢(z) by;((A—B)cosae—ia— f(z) = (1 +
Bo—ia(z)) — B,B6=0,(9)zeAcosae, B=0,

B ( ))(A—b’)coscxe_‘"“
where (1 + P\z B and eAcosa e—ia have the value at z= 0. Then ¢(z) is analytic and
¢(0) = 0. If we take logarithmic derivative from (9) and after simple calculations,we get (10)

oo (A—B) cos ae ™ *z0,¢(z)
] "’a‘If(Z) -1 _ 1+Bq_b(z) . ) B 7& 0 .
We can easily conclude that f(2) Acosae™20,6(z), B=0 this
subordination is equivalent to 1 ' lo(2)|

<1 for all z € E. On the contrary let as assume that there exists z1 € E, such that |p(z)| attains its
maximum value on the circle |z| =, that is |p(z1)| = 1. Then when the conditions z10qe(z1) = L(z1), L
> 1 are satisfied for such z1 € E (Using Jack’s Lemma), we obtain;

(11)

which contradicts (10) implying that the assumption is wrong, i.e., |¢(z)| <1 for all z € E. This shows that

(12) |
20 f(Z) . e **(A—B)cosaz B % 0
2)ES(A.B,q) = | - 1)< _ 1+Bz )
Conversely, J(z) o(4,B,q) ( f(2) e A cos oz, B=0
(13) . e (A—B)cosaz
20uf(2) |\ L[ s, B#0
f(z) e " Acosaz, B =0,
Ap(z .
N ({l(lzaqf(z) _ ) cosa iIBza + i sin a, B/
f(2) cosa(l + A¢(z)) +isina, B
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(14)

This shows that/ (2) € SH(A, B, q).

Now we proceed to establish Coefficient bounds for the mth root transformation,

Theorem 2.2. If and G is the mth roo%t transformation of f given by (1), then
f=z2+430"0 an 2", [ € Si(A B.q)

if
| - {—ﬁfﬁ?% + (@D = — W) T (Q,;z‘?fz]fjffij] » HpnzonB#£0
[ = @i + L S -tym — 26 em] T Gt fuso,B£O
‘Cﬁfﬂ+l_#'cil+1| S { (:ﬁﬂ,:?)n15 U] S Iz S T2, B # 0
where .
[y (Bl DmEB+ (=) 22— Dm
2 (3] = 1)(A — B) cos v 3], — 1
and .
U (Bl 0meE = (3= 1) 22— m
2 ([8]¢ = 1)(A = B) cos a 3], — 1 :
Proof. If f(z) € =i (A—B) cosan(=) O* (AB,Q) then there is an analytic
function ¢ € Q of zﬁqf(z) 1 — ' (qlezﬁ(z) 9z} the form (8) such that
f(z) e "Acosap(z), , ifB6=0,
ifB=0.
Further, _ .
e (A —B)cosap(z) e (A — B)cosalpiz + ¢oz” + ..
1+ Bo(z) a 1+ B (2) + ¢222 + ...] (15)
e (A — B) cos ad(z)
1+ Bo(z)

= e_m(A — B) COSCE[QMZ + (@Q — B(f)?)z2 + }

(zlaqf(zl) - 1) | B Lot (0(=)) € fu(E), B #0
f(z1) Acosae™Lo(z1) = fa(d(21)) € fo(E), B=0,

(16)
We have

20uf(2) _ 1=e"(A— B)cosalgz + (¢ — Bo})z* + ...
f(z) ] (17)

so that
z + [2]4a22% + [3],a32° + ...
z 4 ag2? + azzd + ...

— 1) = e "“(A—B) cos a[p z+(da— B3 ) 2> +...] (18)

From (20) and (21),we get _
e "(A — B)cosa.g

2= 2], — 1

1
[3](; —1

1
[2](; -1

as = {eia(A — B)cosa(py — Bo?) + e 2*(A - B)?cos® a.¢?
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For function f given by (1) simple computation yields

my]+ 1 m — m
[fzT)]m =2+ 2% 4t (Eaa Ty T2 a%) 4

(21)
The equations (5) and (24) yields
1
Cm+1 = 532 22)
1 Im-1,
R (23)

by using (22) and (23) in (25) and (26), it follows
1

. - - ’—ia A—B ,
Cm+1 [2}(} _ l)me ( )COh aqbl

1 : 2
Comal = %c’“”(AfB) COS (v [— (c;')g — Boi +

B, =1 e (A — B)cos adﬁ)]

1
([2]q - 1}

1 /m-—1 1 _i% 2 9 2
—— J A-B S v
2(m2%mrnf (A=B) cos” 0}

= ﬁe*m(zﬁl - B) coscy{

. (@B , 2 1
Bl 17 (@, - n”t (([3}q -1(2g-1)  ([2g—1)?

1 . .
+W6ﬂa(}1 — B) cos aqbf}

) e (A — B) cos ag?

and hence

|
Coma1 — [y = s—€ "“(A— B)cosa

2m 3], — 1

— 2 . 1 1—2u —ic _
where = @ D@D ~ @07 T @ovme (A= B)
The first result is established by an application of Lemma 2.1. If

2 B—( 2 — ! + L2 ) e "(A-=B)cosa < —1

([3}11 - 1)

o= [y - o] )

3] — 1 Ble -2, -1 (2, -1)*  ([2l;—1)*m
then .
1[([2], — 1)*m(2B + ([3], — 1))e’™  2([2], — 1)m
< -3 - —1]. <
‘h‘2{ ([3]g = (A = B) cosa 3,1 " (n= o)
by Lemma 2.1 2
B(A—B) A A (A—B) .
Comel — /.LC?HH| < { 7([53]51*1)7” T [([3]q11)([§q1)'§2 (2[2](175{)7:@] + 2m2([2],—1)2 (1 —2p), %f B#0
m([2]g—1) [[3]q*1 - 5] + QmZ([Z]q—l)Z(]' - 2»“’): if B=0.

If

2 2 1 1—2p (4B cosa
‘1SBh—lB‘(wm—wxmq—n‘%mb—n2+mmh—1Wn)e (4-B)eosa <1

- F

1 _ ([2g = 1)*m(2B + ([3], = 1))e _ . l o (12]; = 1)*m(2B — ([3], — 1))e*
P (Bl, — )(A— B)cosa 'ﬂ§’< P Bl — 1) (A= B)cosa
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_ 2([2g=1)m
where [3[g—1
and Lemma 2.1 yields

+m

A8y p
|62m+1 - ,[LC,QH+1| < { ([S]qgl)ﬂr if B=0.

([3lg—1)m?
If
2 2 1 1—2u ;
B— — (A—DB)cosa > 1
T T T T ) B>
then,
1 (2], — 1)*m(2B — (]3], — 1))e'*  2([2], — 1)m
> 2 [ = U= q _ q +m >
oz g | P B Bo—1 =)
a
B(A—B) - (A—B)2 (A=B)2  (A-B)*(1-2p) . n
‘C2m+1*,11,62 1| = ([3111—;)(;‘—8)005‘1 ([3]r1_1)2([2]q—1)?71 + 2m([2],—1) 2m3([2]q—1)? 7 ith / d
m+ B (= — g D it B =
([2lg—1)m  [3[;—1 2 2m?([2]q—1) )
i
t follows from Lemma 2.1 that
=0 ,
0.
The second result follow by an application of Lemma 2.2
. 1 :
2 —ia
Coma1 — PCr_q| = |z— (A — I
(A-B) 1 |eB 2 T) e~ (A — B) cos | = {om
<) @ e b [mn — (e —T) ¢ (A Bleosalyirpe=o,
- A P —ia . .
it max {1, |(qr=rim=y — D ACO*’O“}’ ifB=0.
_ 2 _ 1 ,—i _ . 2 1-2u ] _ \ 2
Where H—((mq—l)umq—l) ([21q—1)2)‘/ (A—B) cos ady+ i Tiye™ " (A—B) cos agy

_ 1 1-2p
andl = @@= T @,

By puttingm =1, A=1, B=-1, and 0. = 0 in the Theorem 2.2, we get the following:
20y f(2) 1+=z

Theorem 2.3. If f € A satisfies /f(z) 1=z, Then
2 2 4p

2 4 :
[ Bt @D~ @ T @ T @1, ifu<p,

las—paj| < { [3](%11 p<pu<d

2 4 _ 2 2 _ 4
[[s1q—1+([31q—1)([21q—1> @1 T (@, 17 (mq—n?]’ pzo

p=1 [1 _ ([a=D2(-24(8lg=1)  22-1) 4 1] b=1 [1 _ ([@a=D2(-2-(8lg=1)  22-1) 1]

where 2([3]g—1) [3]g—1 2([3]q—1) [3]g—1

As q — 1-in the above Theorem we get the following result proved by Annamalai[3]

zf'(z) 14z
Corollary 2.1. If f € A satisfies f(2) 1=z Then

1
13-4y iff! < 3,
2
ag — praz| < { 1 1
| juas| ifz SH=1 (24)
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0 -3-4p)  ifp>1.

Byputtingm =1, A=1, B=0, and a = 0 in the Theorwe 2.2, we get the following

204 f(2) ~ 1+ = Then

Theorem 2.4. If f € A satisfies .f(z)
1 . 1-2p :
[ D@D ~ @ T 22, 1 ifnsp
1
|ag — pa3| < { Ble—1 p<p<o
_ 1 _ 1—2u
l [([3],,—1)([2],,—1) ([21q—1)2 T 2, —1)2] sz 5,
g—1)? (72+([3]q71)]

([2]g=1)2(=2+([3]g—1)) _ 1o _ (2
where” 2 [ 203,-1) ]’5 =2 [2 2([8lg—1)
As q — 1—in the above Theorem we get the following result proved by Annamalai[3]

zf'(z) , 14z
Corollary 2.2. If f € A satisfies .f(z) 1=z Then
=
2 ifp<o0,

l —
- (%) ifu>1.

2
as — pas| < {
| ) 2 ifo<p<1,(25)\
By puttingm =1, A=, B=0, and a =0, 0 < B <I in the Theorem 2.2, we get the following

204 f(2)
Theorem 2.5. If f € A satisfies f(z) <1+ 52. Then

lag — l“—’g| < { [3]3—1= pEp<d
B2 B*(1-2p) -
[ 3lq— 1)([21q D) 7 (20-1)2 T 2(2g-1)2° ifn=p
fi2 ;32 B2(1-2u) ,
| - [ @D~ @2 T 2([2]‘;71)2]’ pz0
_ 1 _ ([2lg— 1)2([3]g— 1) 2([2]g—1) _ 1 ([2g—1)%([3]4— 1) _2([2l4-1)
Wherep T2 [2 ([3l4—1)8 [3]g—1 :|(S T2 |:2 + ([3]q—1)8 [3]g—1 ]
As q — 1-in the above Theorem we get the following result proved by Annamalai[3] Corollary 2.3. If f
2'(z) L, 14z
€ A satisfies f(z) T 1-z Then
B2 (1-2p) < B=1
2 il = 35
jag —paz| < ¢ 1=5 7 SH< 5y > ot
B (ﬂg(l_gp)) if 2 , (26) ift!
By putting m = 2 I,A=p,B=—B,and a=0,0<p <l in the
Theorem 2.2, we get the following:
zaqf(z) 148z
Theorem 2.6. If f € A satisfies /(z) 1=5z, Then
[ 282 (26)* _ (28)* 45%(1—2u)
([3lq—1) ([2la—1)([3]q—1) ([2lq—1)([3]q—1) 2([2lq—-1)2, if p<p,
8+8
\a:a—#aili{ EE pEp<é
242 (28)? - (28)? 48%(1—2p) ’
| [WFU+U%4M%4) MWMWFU+ﬂMFW}’#Z§
_ 1 |o_ (2g=13(=26+(8lg=1) _ 2([2l—=D | s _ 1 ([2g=1?(2B+([3]g—1) _ 2([2]g—1)
where” — 2 [2 2100 Blo—1 }O =2 [2 L T(E e 31 ]
If ¢ — 1—in the above Theorem we get the following result proved by Annamalai[3]
zf'(z) 142
1=z Then

Corollary 2.4. If f € A satisfies f(2)
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38-1
= =5
- _ : ©o3p-1 36+1
23— 4w if B T T
2 00 if, (27)
|a3 —pa2| <
,[L 38+1
OO (P23 —4p))  ifF = 4B
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