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Abstract: Carbon Nanotubes reinforced composite materials 

are widely used in aerospace engineering due to high 
strength-to-weight ratios, which can be tailored per requirements. 
The behaviour of the composite structures depends on various 
factors like, Lamination scheme, Ply orientation and loading 
conditions. In the present work, Static deflection and stresses 
analysis of a Carbon Nano Tube reinforced laminated hybrid 
composite plate extends the First Order Shear Deformation 
Theory with variable ply angles and volume fractions of CNT. A 
micromechanics model based on the Mori-Tanaka method is used 
to calculate the properties of CNT reinforced laminate. In this 
analysis, hybrid composite plates mainly consist of 
Graphite/epoxy, Kevlar/epoxy and CNT/ polystyrene 
sub-laminates. The lamination scheme and CNT volume fraction 
play a vital role in the non-dimensional deflections and stresses. 
The main intention of this work is to enhance the suitability of 
CNT reinforced Hybrid composite plates under static loading for 
structural applications. 

Keywords: Carbon Nanotubes, CNT Reinforced Laminates, 
Hybrid Composites,    Static Deflection, Stress Analysis. 

I. INTRODUCTION 

Composite materials are mostly replacing traditional 

metals in many engineering applications due to their 
lightweight and high strength. These properties attract 
researchers in structural engineering applications. Carbon 
nanotubes (CNT), with extraordinary mechanical strength, 
low density, and highest thermal conductivity, improves the 
stability of traditional composite materials. Such composites 
are of paramount interest in the aerospace and automobile 
industries. There are numerous theoretical and experimental 
results have shown that both single-walled carbon nanotubes 
(SWCNT) and multi-walled carbon nanotubes (MWCNTs) 
 
 
Manuscript received on 01 August 2022 | Revised Manuscript 
received on 16 August 2022 | Manuscript Accepted on 15 
August 2022 | Manuscript published on 30 August 2022.  

*Correspondence Author 
D. Dhanunjaya Raju*, Ph.D Research Scholar, Department of 

Mechanical Engineering, University College of Engineering Kakinada, 
Jawaharlal Nehru Technological University Kakinada, Kakinada (A.P), 
India. E-mail: ddraju11@gmail.com 

Dr. V. V. Subba Rao, Professor, Department of Mechanical 
Engineering, University College of Engineering Kakinada, Jawaharlal Nehru 
Technological University Kakinada, Kakinada (A.P), India. E-mail: 
rao703@yahoo.com 

 
© The Authors. Published by Blue Eyes Intelligence Engineering and 
Sciences Publication (BEIESP). This is an open access article under the 
CC-BY-NC-ND license: http://creativecommons.org/licenses/by-nc-nd/4.0/ 
 

have [1] TPa Young’s moduli in the axial direction, 

depending on the diameter and chirality [2]. The Elastic 
properties of crystals of single-walled carbon nanotubes are 
evaluated by V.N. Popov[3]. Numerous plate theories are 
proposed to predict composite plates' transverse deflections 
and stress distribution. In the classical laminate plate theory 
(CLPT), transverse shear stresses are neglected, however, the 
idea gives inaccurate results for thick and moderately thick 
laminated plates as there are considerable shear 
deformations. So, it is evident that transverse shear 
deformations must be considered in the analysis. In FSDT, a 
shear correction factor compensates for the assumed uniform 
transverse shear strain variations over the entire plate 
thickness. Static and dynamic of carbon nanotube-reinforced 
functionally graded cylindrical panels [4]. Non-dimensional 
deflections and stresses in laminated plates subjected to 
sinusoidal load using FSDT are given in [5]. Deflection and 
stress Analysis of laminated hybrid composite plates using 
First-order shear deformation theory by D. D. Raju [6]. 
F.Heidari, K. Taheri, M. Sheybani, M. Janghorban, and 
A.Tounsi[8] presented the mechanics of nano-composites 
reinforced by wavydefectedaggregated nanotubes. D. D. 
Raju and V. V. S. Rao [9-10] presented the deformation of 
CNT reinforced hybrid laminated composite plates induced 
by piezoelectric actuators and the effect of thickness ratios.H. 
S. Shen [11] studied the nonlinear bending behaviour of 
simply supported, functionally graded CNT-reinforced 
composite panels under a uniform or sinusoidal shear load 
with temperature change using a higher-order shear strain 
plate theory. R. Zerrouki[12]analysed the bending responses 
of carbon nanotube-reinforced composite beams using the 
higher-order shear deformation beam theory to determine 
strain-displacement relationships. This article considers the 
static analysis of simply-supported laminated composite 
plates with CNT reinforced laminas subjected to sinusoidally 
distributed load.   

II. MICROMECHANICS MODEL OF CNT 

REINFORCED LAMINA 

In the micromechanics model, Single-wall nanotubes are 
considered solid fibres with anisotropic material properties.  
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The composite is considered transversely isotropic, and the 
nanotube-polymer interface is perfectly bonded. The 
stress-strain relation of an elementary cell of the composite 
material can be expressed as follows,  
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 (1) 

 
 
where k, l, m, n and p are Hill’s elastic moduli 
n = uni-axial tension modulus in the fibre direction 
k = plane strain bulk modulus normal to the fibre direction 
l =  cross modulus 
m = shear moduli in planes normal to the fibre direction 
p= shear moduli in planes parallel to the fibre direction 
 
Hill’s elastic moduli are calculated by Mori- Tanaka method. 
 

=
𝐸𝑚{𝐸𝑚𝑐𝑚 + 2𝑘𝑟(1 + 𝑣𝑚)[1 + 𝑐𝑟(1 − 2𝑣𝑚)]}
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Where kr, lr, mr, nr and prare Hill’s elastic moduli for the 

reinforcing phase. 
 
Cr, Em and νmreinforce phase volume fraction, matrix 
Young’s modulus and matrix Poisson’s ratio. 
 
The equationsof the CNRP as functions of the stiffness 
constants are determined for a unidirectional composite as 
follows,  

𝐸11 = 𝑛 −
𝑙2

𝑘
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𝐺23 =
𝐸22

2(1 + 𝑣23)
; 

 

𝑣12 =
𝑙
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III. FIRST ORDER SHEAR DEFORMATION 

THEORY  

The First Order Shear Deformation Laminated Plate 
Theory (FSDT) is an extension of the Classical Lamination 
Plate theoryCLPT based on Kirchhoff's assumptions, where 
transverse normal and shear stresses are not considered. The 
transverse shear stresses are derived by using 3D elasticity 
equilibrium equations. These are inaccurate, but the 
equilibrium-derived transverse stress derived from 
equilibrium is sufficiently precise for homogeneous and thin 
plates. These are inaccurate if the plates are relatively thick, 
i.e. (a/h<20). In FSDT, transverse shear stresses are 
calculated, and normal transverse stress is neglected. 
Classical lamination plate theory is suitable for only thin 
plates, but the First order shear deformation plate theory is 
ideal for relatively thick plates (a/h<20). 

IV. SIMPLY SUPPORTED CROSS-PLY LAMINATED PLATE 

In this study, simply-supported laminated composite plates 
with CNT reinforced laminas are subjected to sinusoidally 
distributed load considered with various combinations of 
lamination schemes and fibre orientations. 
The mechanical loads are developed in double Fourier sine 
series as, 
 

𝑞(𝑥, 𝑦) = ∑∑𝑄𝑚𝑛 𝑠𝑖𝑛 𝛼 𝑥 𝑠𝑖𝑛 𝛽 𝑦

∞

𝑛=1

∞

𝑚=1

 
 

(10) 

It is a one-term solution (𝑄𝑚𝑛 = 𝑞0and𝑚 = 𝑛 = 1) for a 
sinusoidally distributed load, the solution is a closed-form 
solution. For other loads, the Navier solution is a series 
solution, that can be evaluated for a sufficient number of 
terms in the series. 
 

𝑄𝑚𝑛 =
4

𝑎𝑏
∫ ∫ 𝑞(𝑥, 𝑦)

𝑎

0

𝑏

0

𝑠𝑖𝑛 𝛼 𝑥 𝑠𝑖𝑛 𝛽 𝑦𝑑𝑥𝑑𝑦 
 

(11) 

 

Where 

𝛼 =
𝑚𝜋

𝑎
 

and 

𝛽 =
𝑛𝜋

𝑏
 

For specially orthotropic symmetric laminated plates from 
the equation of motion 
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Where, 
�̂�11 = ( 𝐴11𝛼

2 + 𝐴66𝛽
2 ) (13) 

 
�̂�12 = ( 𝐴12 + 𝐴66 )𝛼𝛽 (14) 

 
�̂�22 = (𝐴66𝛼
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2) (15) 
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2) (17) 
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2 + 𝐷66𝛽
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�̂�35 = 𝐾. 𝐴44𝛽 (20) 

 
Ŝ55 = (D66α

2 + D22β
2 + KA44) (21) 

 
Where Aij=Extensional stiffness matrix, Dij=Bending 
Stiffness Matrix. [5] 
 
 The transverse deflections are expressed as  
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𝑏0 = �̂�44�̂�55 − �̂�45�̂�45 

 
𝑏1 = �̂�45�̂�35 − �̂�34�̂�55 

 
𝑏2 = �̂�34�̂�45 − �̂�44�̂�35   

 
 
 

(24) 

 
The in-plane normal stresses Eq.(25-26), shear stress Eq. 
(27), and transverse shear stresses Eq (28-29) are expressed 
as follows, 
 

𝜎𝑥𝑥
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(29) 

 
Non-dimensional maximum transverse deflection Eq. (30), 
normal stresses Eq. (31-32), shear stress Eq. (33) and 
Transverse shear stresses Eq. (34-35) are expressed as 
follows,  
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𝑎
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2
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ℎ

2
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ℎ

2
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ℎ
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�̄�𝑦𝑧 = 𝜎𝑦𝑧 (𝑎, 𝑏, −
ℎ

2
) (

ℎ

𝑏𝑞0
) 

 
(35) 

V. RESULTS AND DISCUSSIONS 

Consider a simply supported square, cross-ply [0/90/90/0] 
composite plate subjected to sinusoidally distributed load. 
Non-dimensional transverse maximum central deflections, 
Normal stresses, Shear stress, and Transverse Shear stress are 
calculated and validated with the published results [5]. The 
material properties are E1=25, E2=1,G12=G13=0.5E2, 
G23=0.2E2 and υ12=0.25, K=5/6. 
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Table I. Effect of Aspect ratio on the Non-dimensional deflections and Normal stresses   
 

 
a/h 

Reference 
�̄� 

Present 
�̄� 

Reference 
�̄�𝒙𝒙 

Present 
 �̄�𝒙𝒙 

Reference 
�̄�𝒚𝒚 

Present 
 �̄�𝒚𝒚 

10 0.6627 0.6627 0.4989 0.4989 0.3614 0.3614 

15 0.5367 0.5367 0.5192 0.5192 0.3144 0.3144 

20 0.4912 0.4912 0.5273 0.5273 0.2957 0.2957 

50 0.4409 0.4409 0.5368 0.5368 0.2737 0.2737 

100 0.4337 0.4337 0.5382 0.5382 0.2705 0.2705 

  
Table II. Effect of Aspect ratio on the Non-dimensional shear and Transverse shear stresses

 
a/h 

Reference 
�̄�𝒙𝒚 

Present 
�̄�𝒙𝒚 

Reference 
�̄�𝒙𝒛 

Present 
�̄�𝒙𝒛 

Reference 
�̄�𝒚𝒛 

Present 
�̄�𝒚𝒛 

10 0.0241 0.0241 0.4165 0.4165 0.1292 0.1292 
15 0.0227 0.0227 0.4311 0.4311 0.1145 0.1145 
20 0.0221 0.0221 0.4370 0.4370 0.1087 0.1087 

50 0.0214 0.0214 0.4438 0.4438 0.1019 0.1019 
100 0.0213 0.0213 0.4448 0.4448 0.1008 0.1008 

The numerical results were validated against the published results by developed code and agreed well with the published 
results.Then the MATLAB code is further extended to find out the deflections and stresses of Simply supported square 
laminated plates Subjected to SSL. The properties of the lamina, SWCNT, and Polystyrene matrix material are as given in the 
Table. 3  

Table III. Properties of the Composite lamina 
 

Engineering 
constant [GPa] 

Graphite/epoxy (G)    
[5] 

Kevlar/epoxy(K)   
[7] 

SWCNT (C)  
[9] 

polystyrene 

E11 137.9 87 – 1.9 

E22 8.96 5.5 – – 

G12 7.20 2.2 – – 

G13 7.20 2.2 – – 

G23 6.21 2.2 – – 

V12 0.62 0.3 – 0.3 

nr –  – 450 – 

kr – – 30 – 

mr – – 1 – 

pr – – 1 – 

lr – – 10 – 

The Non-dimensional maximum transverse deflections, normal stresses, shear stresses and transverse shear stresses are 
evaluated for various Hybrid composite plates with a/h=10 subjected to SSL, with different fibre orientations as given in Table 
IV. 
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Table IV. Effect of fibre orientation and lamination Schemes on the Non-dimensional deflections and stresses.  
 

Fibre 
Orientation 

Lamination Scheme �̄� �̄�𝒙𝒙 �̄�𝒚𝒚 �̄�𝒙𝒚 �̄�𝒙𝒛 �̄�𝒚𝒛 

0/90/90/0 

CNT/CNT/CNT/CNT 0.2671 0.5049 0.5034 0.0141 0.4479 0.1479 

G/G/G/G 0.7097 0.459 0.26 0.0498 0.3079 0.1023 

K/K/K/K 0.8387 0.4908 0.3062 0.0271 0.2903 0.0917 

CNT/G/G/CNT 0.1791 0.5696 0.2492 0.0127 0.1629 0.0296 

G/CNT/CNT/G 0.7501 0.4336 0.4123 0.0486 0.494 0.2001 

CNT/K/K/CNT 0.2399 0.5867 0.2006 0.0149 0.3233 0.0716 

K/CNT/CNT/K 0.7987 0.4042 0.6787 0.0233 0.3762 0.1485 

0/90/0/90 

CNT/CNT/CNT/CNT 0.2294 0.0083 0.289 0.0108 0.2979 0.084 

G/G/G/G 0.6879 0.0392 0.2363 0.0481 0.2051 0.1769 

K/K/K/K 0.7927 0.0427 0.2573 0.0253 0.191 0.191 

CNT/G/G/CNT 0.1614 0.0086 0.187 0.0111 0.0983 0.0277 

G/CNT/CNT/G 0.7217 0.0378 0.3609 0.0465 0.3425 0.2954 

CNT/K/K/CNT 0.2119 0.0089 0.1238 0.0116 0.2239 0.0632 

K/CNT/CNT/K 0.7465 0.0371 0.5566 0.022 0.2384 0.2384 

0/45/45/0 

CNT/CNT/CNT/CNT 0.2365 0.4665 0.1156 0.0125 0.385 0.1431 

G/G/G/G 0.6669 0.4258 0.0829 0.0466 0.3075 0.0948 

K/K/K/K 0.7912 0.4462 0.0908 0.0252 0.3009 0.0811 

CNT/G/G/CNT 0.1705 0.5374 0.0788 0.0121 0.158 0.0264 

G/CNT/CNT/G 0.6764 0.38 0.1005 0.0432 0.4816 0.1851 

CNT/K/K/CNT 0.2364 0.5587 0.0613 0.0146 0.33 0.0613 

K/CNT/CNT/K 0.6861 0.3358 0.1547 0.0196 0.3411 0.1358 

 

 
Fig. 1. Effect of hybrid lamination schemes on 

non-dimensional deflections 
 

From Fig. 1, it can be seen that [0/45/45/0] fibre orientation 
laminated plates are stiffer than the others. The composite 
laminate with outer CNT reinforced laminar can carry 
heavier loads with minimal deflection. 

 

Fig. 2. Effect of hybrid lamination schemes on 
Non-dimensional stresses with[0/90/90/0] fibre 

orientation 
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Fig. 3. Effect of hybrid lamination schemes on 
Non-dimensional stresses with [0/90/0/90] fibre 

orientation 

 
 

Fig. 4. Effect of hybrid lamination schemes on 
Non-dimensional stresses with [0/45/45/0] fibre 

orientation 
From Fig. 2-4, symmetrically laminated plates can withstand 
the highest in-plane stresses, but these are weak interms of 
in-plane shear stresses. Ply orientation, and a hybrid 
lamination scheme are vital in dimensionless stresses. 

A. CNT Reinforced Laminate 

Further, it investigated the strength of the CNT-reinforced 
Laminated plates with the various fibre orientations and 
lamination schemes. The volume fraction of the CNT 
Reinforcement plays a vital role in the non-dimensional 
deflections. From Fig. 5, as the volume fraction (fibre to 
matrix material) increases, the in-plane strength of the 
composite increases, but after a specific limit, the debonding 
of fibre to matrix material will occur.  

 

Fig. 5. Effect of fibre volume fraction orientation on the 
Non-dimensional deflections 

VI. CONCLUSION 

  In this article, the static responses of simply-supported 
laminated composite plates with CNT reinforced laminas are 
subjected to sinusoidally distributed load are carried. The 
non-dimensional transverse central deflections, Normal 
stresses, Shear stress, and Transverse Shear stresses were 
evaluated using FSDT. This analytical procedure is extended 
to the hybrid composite plates with CNT reinforced 
laminates. Symmetric laminated plates can withstand the 
highest in-plane stresses, but these are weak in in-plane shear 
stresses. Ply orientation and a Hybrid lamination scheme 
plays a vital role in the Non-dimensional stresses. As the 
CNT volume fraction (fibre to matrix material) increases, the 
in-plane strength of the composite increases, but after a 
certain limit, the debonding of fibre to matrix material occurs. 

REFERENCES 

1. D. Shi, X. Feng, YY. Huang, K. Hwang and H. Gao, “The Effect of 

Nanotube Waviness and Agglomeration on the Elastic Properties of 
Carbon Nanotube-Reinforced Composites”, Journal of Engineering 
Materials and Technology, 126, 2004, pp.250-257. [CrossRef] 

2. M. Yu, F. Files, B. S. S. Arepalli, and R.S. Ruoff: Tensile Loading of 
Ropes of Single Wall Carbon Nanotubes and Their Mechanical 
Properties, Physical review letters, 84, 2000, pp. 5552–5555. 
[CrossRef], [PMid] 

3. V.N. Popov, V.E. Van Doren, M. Balkanski, “Elastic properties of 
crystals of single-walled carbon nanotubes”, In Solid State 
Communications, 114, 2000, pp. 395-399. [CrossRef] 

4. L.W. Zhang, Z.X. Lei, K.M. Liew, J.L. Yu, “ Static and dynamic of 

carbon nanotube reinforced functionally graded cylindrical panels”, In 
Composite Structures, 111, 2014, pp.205-212. [CrossRef] 

5. J.N.Reddy,“Analytical solutions of rectangular Laminated Plates using 

FSDT”, Mechanics of laminated composite plates and shells Theory and 
Analysis, Second edition, CRC Press, 2002, pp.400-408. [CrossRef] 

6. D. Dhanunjaya Raju, V.V. Subba Rao,“ Static Analysis of Laminated 
Hybrid Composite Plates using FSDT”, Proceedings of International 
Conference on Advances in Materials, Manufacturing and Applications 
2015, NIT Tirchy 2015, Bonfring. pp. 810-817. 

 
 
 
 
 
 
 

http://doi.org/10.35940/ijitee.G9248.0811922
http://www.ijitee.org/
https://doi.org/10.1115/1.1751182
https://doi.org/10.1103/PhysRevLett.84.5552
https://pubmed.ncbi.nlm.nih.gov/10990992/
https://doi.org/10.1016/S0038-1098(00)00070-3
https://doi.org/10.1016/j.compstruct.2013.12.035
https://doi.org/10.1201/b12409


International Journal of Innovative Technology and Exploring Engineering (IJITEE) 
ISSN: 2278-3075 (Online), Volume-11 Issue-9, August 2022 

73 

 

Published By: 
Blue Eyes Intelligence Engineering 
and Sciences Publication (BEIESP) 
© Copyright: All rights reserved. 
 

Retrieval Number: 100.1/ijitee.G92480811922 
DOI: 10.35940/ijitee.G9248.0811922 
Journal Website: www.ijitee.org 
 

 

 

7. D. L. Shi, X. Q. Feng, Y. Huang, and K. C. Hwang, “Critical evaluation 
of the stiffening effect of carbon nanotubes in composites”, Key 
Engineering Materials, 261, 2004, pp. 1487–1492. [CrossRef] 

8. F. Heidari, K. Taheri, M. Sheybani, M. Janghorban, A. Tounsi, “On the 
mechanics of nano-composites reinforced by wavy/defected/aggregated 
nanotubes”,Steel Compos. Struct, 38(5), 2021, pp. 533-545.  

9. D. Dhanunjaya Raju, V.V. Subba Rao, “Deformation of Carbon Nano 
Tubes Reinforced Hybrid Laminated Composite Plates induced by 
Piezoelectric Actuators”, Nano Hybrids and Composites, 36, 2022, pp. 
35-56. [CrossRef] 

10. D. Dhanunjaya Raju, V.V. Subba Rao, “Effect of piezoelectric thickness 

ratio on the deflection of laminated hybrid composite plates”, 

International journal of engineering research and Technology, 13 (12), 
2020, pp. 5083–5094.  

11. H. S. Shen, “Nonlinear bending of functionally graded carbon 

nanotube-reinforced composite plates in thermal environments”, 
Composite structures 91(1), 2009, pp. 9-19. [CrossRef] 

12. R. Zerrouki, Effect of nonlinear FG-CNT distribution on mechanical 
properties of functionally graded nano-composite beam, Structural 
Engineering Mechanics, 78 (2), 2021, pp. 117–124. 

AUTHORS PROFILE 

D. Dhanunjaya Raju is a Full-Time Ph.Dresearch 
scholar in the Department of Mechanical Engineering, 
University College of Engineering Kakinada, Jawaharlal 
Nehru Technological University Kakinada. He is 
currently pursuing a Ph.D in the area of Advanced Smart 
Composite Materials.   

 
Dr. V.V. Subba Rao is currently a professor of 
Mechanical Engineering, University College of 
Engineering Kakinada,(On Deputation to 
UCEN)Jawaharlal Nehru Technological University 
Kakinada. He has published many papers in reputed 
journals in the area of Composite Materials, Smart 

Composites, Nano Materials etc. He has produced 11 Ph.Ds. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 
 

https://www.openaccess.nl/en/open-publications
http://doi.org/10.35940/ijitee.G9248.0811922
http://www.ijitee.org/
https://doi.org/10.4028/www.scientific.net/KEM.261-263.1487
https://doi.org/10.4028/p-6k4vr0
https://doi.org/10.1016/j.compstruct.2009.04.026

